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Abstract 

This paper is devoted to the study of quotients of finite metric spaces. The basic type 
rn , of question we ask is: Given a finite metric space M and a > 1, what is the largest quotient 

of (a subset of) M which well embeds into Hilbert space. We obtain asymptotically tight 
bounds for these questions, and prove that they exhibit phase transitions. We also study 
<~i ' the analogous problem for embedings into £p, and the particular case of the hypercube. 

" Our approach to general metric spaces bears the undeniable imprint of early exposure to 
Euclidean geometry. We just love spaces sharing a common feature with M" . " 

►^ . Misha Gromov. 

en ■ 1 Introduction 

^. 

^-p ' A classical theorem due to A. Dvoretzky states that for every n-dimensional normed space 

f— ^ . X and every e > there is a linear subspace y C X with k = dim Y > c(e) log n such that 

(i(y, £2) < 1 + £• Here d{-, •) denotes the Banach-Mazur distance and c(-) depends only on e. 

The first resuh of this type appeared in ^5], and the logarithmic lower bound on the dimension 

is due to V. Milman [201 ■ ^^ ^^ addition to taking subspaces, we also allow passing to quotients, 

the dimension k above can be greatly improved. This is V. Milman's Quotient of Subspace 

.^ ' Theorem pT (commonly referred to as the QS Theorem), a precise formulation of which reads 

^ ■ as follows: 

;_( ■ 
C^ I Theorem 1.1 (Milman's QS Theorem j21j ). For every < 6 < 1 there is a constant 

f{6) £ (0,00) such that for every n-dimensional normed space X there are linear subspaces 

Z QY (^X with dim(y/Z) = k>{l-5)n and d{Y/Z,ll) < f{6). 

Over the past two decades, several theorems in the local theory of Banach spaces were 
shown to have non-linear analogs. The present paper, which is a continuation of this theme, 
is devoted to the proof of a natural non-linear analog of the QS Theorem, which we present 
below. 

A mapping between two metric spaces / : M ^ A, is called an embedding of M in X. 
The distortion of the embedding is defined as 

,. ,/,^ dx{f{x)J{y)) dM{x,y) 

dist(/) = sup — 7 • sup 



S 



x,y&M dM{x,y) x,yeM dx{f{x),f{y))' 

x^y x^y 
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The least distortion required to embed M in X is denoted by cx{M). When cx{M) < a 
we say that M a-embeds in X. If A^ is a class of metric spaces then we denote cjniM) = 
infx6A^cx(M). 

In order to motivate our treatment of the non-linear QS problem, we first describe a non- 
linear analog of Dvoretzky's Theorem, which is based on the following notion: Given a class 
A4 of metric spaces, we denote by RM{oi,n) the largest integer m such that any n-point 
metric space has a subspace of size m that a-embeds into X £ M.. When A^ = {ip} we use 
the notations Cp and Rp. The parameter C2{X) is known as the Euclidean distortion of X. 
In jllj Bourgain, Figiel, and Milman study this function, as a non-linear analog of Dvoretzky's 
theorem. They prove 

Theorem 1.2 (Non-Linear Dvoretzky Theorem [llj). For any a > 1 there exists C{a) > 
such that R2{a,n) > C(a) log n. Furthermore, there exists ao > 1 such that R2{ao,n) = 
O(logn). 

In IS] the metric Ramsey problem is studied comprehensively. In particular, the following 
phase transition is proved. 

Theorem 1.3 ((5|)' The following two assertions hold true: 

1. For every n G N and 1 < a <2: c{a) logn < R2{a,n) < 2 log n + C(a), where c{a), C{a) 
may depend only on a. 

2. For every a > 2 there is an integer uq such that for n > no-' n'^ '"' < R2ioi,n) < n'~" ("), 
where c!{a),C'{a) depend only on a and < c!{a) < C'{a) < 1. 

The following result, which deals with the metric Ramsey problem for large distortion, was 
also proved in j^: 

Theorem 1.4 ([5]). For every e > 0, every n-point metric space X contains a subset of 
cardinality at least n^^^ whose Euclidean distortion is O ( ) . 



With these results in mind, how should we formulate a non-linear analog of the QS Theo- 
rem? We now present a natural formulation of the problem, as posed by Vitali Milman. 

The linear quotient operation starts with a normed space X, and a subspace y C X, 
and partitions X into the cosets X/Y = {x + Y}xex- The metric on X/Y is given by 
d{x + Y,x' + Y) = inf{||a — 6||; a G x + Y, b G x' + Y}. This operation is naturally generalizable 
to the context of arbitrary metric spaces as follows: Given a finite metric space M, partition 
M into pairwise disjoint subsets Ui, . . . ,Uk- Unlike the case of normed spaces, the function 
dM{Ui, Uj) = ml{dM{u, v); u £ Ui,v £ Uj} is not necessarily a metric onU = {C/i, . . . , Uk}- 
We therefore consider the maximal metric on lA majorized by dM, which is easily seen to be 
the geodesic metric given by: 

dgeo(f/^, Uj) = inf I ^ dM{Vr, F.-i); Vo,....Vu£U, Fo = Ui, Vu = u\. 

This operation clearly coincides with the usual quotient operation, when restricted to the class 
of normed spaces. When considering the QS operation, we first pass to a subset of M, and then 
construct a quotient space as above. We summarize this discussion in the following definition: 



Definition 1.5. Let M he a finite metric space. A Q space of M is a metric space that can 
be obtained from M by the following operation: Partition M into s pairwise disjoint subsets 
Ui, . . . ,Us and equip U = {Ui, . . . ,Us} with the geodesic metric (igeo- Equivalently, consider 
the weighted complete graph whose vertices are U with edge weights: w^Ui, Uj) = dM{Ui, Uj). 
The metric on U can now be defined to be the shortest-path metric on this weighted graph. A 
Q space of a subset of M will be called a QS space of M. Similarly, a subspace of a Q space 
of M will be called a SQ space of M. 

The above notion of a quotient of a metric space is due to M. Gromov (see Section 1.16+ 
in ^ZI)- The formulation of the non-linear QS problem is as follows: Given n G N and a > 1, 
find the largest s G N such that any n-point metric space M has a QS space of size s that is 
a embeddable in £2- More generally, we consider the following parameters: 

Definition 1.6. Let 7W be a class of metric spaces. For every n € N and q > 1 we denote 
by Qx(a,ra) (respectively Q5;v((Q,n),5Q^(a,n)) the largest integer m such that every n- 
point metric space has a Q space (respectively QS, SQ space) of size m that a-embeds into a 
member of M.. When M. = {£p} we use the notations Qp, QSp and SQp. 

We remark that for finite metric spaces, embeddability into ip and Lp are the same (see 
e.g. |14j). Additionally, by Dvoretzky's theorem ^ni; if X is an infinite dimensional Banach 
space then for every n G N, a > 1 and e > 0, Q{x}(cKi'^) < Q2(a + ^-.n) (and similarly for 
QS{x}-, QS{x})- 

In the linear setting there is a natural duality between subspaces and quotients. In par- 
ticular, one can replace in Dvoretzky's theorem the word "subspace" by the word "quotient", 
and the resulting estimate for the dimension will be identical. Similarly, the statement of 
the QS Theorem remains unchanged if we replace "quotient of subspace" by "subspace of 
quotient" . In the non-linear setting these simple observations are no longer clear. In view of 
Theorem 11.31 it is natural to ask if the same is true for Q spaces. Similarly, it is natural to 
ask if the QS and SQ functions behave asymptotically the same. In this paper we present a 
comprehensive analysis of the functions Q2, QS2 and SQ2- It turns out that the answer to 
the former question is no, while the answer to the latter question is yes. On the other hand, 
as conjectured by Milman, our results show that just as is the case in the linear setting, once 
we allow the additional quotient operation, the size of the Euclidean spaces obtained increases 
significantly. 

Below is a summary of our results concerning the QS and SQ problems: 

Theorem 1.7. For every 1 < a < 2 there are constants < c{a),C{a) < 1 such that for 

every n G N, 

n'^^") < QS2ia,n),SQ2ia,n) < n^^'^l 

On the other hand, for every a > 2 there is an integer uq and there are constants < 
c'{a), C'{a) < 1 such that for every n> uq, 

c{a)n < QS2{a,n),SQ2{a,n) < C'{a)n. 

As mentioned above, the Q problem exhibits a different behavior. In fact, we have a double 
phase transition in this case: 

Theorem 1.8. For every 1 < a < v2 there is a constant Ci{a) such that for every n G N, 
Q2{ci,n) < Ci{a). For every \/2 < a < 2 there are constants c{a),C{a) such that for every 
n G N, n^^"' < Q2{oi,n) < n^^°'' . Finally, for every a>2 there is an integer uq and there are 
constants < c'{a),C'{a) < 1 such that for every n > uq, c'{a)n < Q2ia,n) < C'{a)n. 



In other words, for a > v2 the asymptotic behavior of the function Q2 is the same as 
the behavior of the functions QS2 and SQ2- We summarize the qualitative behavior of the 
size of subspaces, quotients, quotients of subspaces and subspaces of quotients of arbitrary 
metric spaces in Table ^ For aesthetic reasons, in this table we write ^2 = R2 (i-e. R2 is 
the "subspace" function). The first row contains results from [3j. We mention here that the 
behavior of 52(2, n) remains unknown. Furthermore, we do not know the behavior of the 
function Q2 at \/2- Finally, we mention that in [Hj it is shown that -^2(1,?^) = 3 for all n > 3. 
We did not study the functions Q2, QS2-,SQ2 in the isometric case. 





Distortion 

(l,\/2) (^/2,2) 


(2,00) 


52 


logarithmic 


polynomial 


Q2 


constant polynomial 


proportional 


QS2 


polynomial 


proportional 


SQ2 


polynomial 


proportional 



Table 1: The qualitative behavior of the Euclidean quotient/ subspace functions, for different 
distortions. 



For large distortions we prove the following analog of Theorem 11.41 

Theorem 1.9. For any n G N and e > 0, every n-point metric space has a Q space of size 
(1 — e)n whose Euclidean distortion is 0(log(2/e)). On the other hand, there are arbitrarily 
large n-point metric spaces every QS or SQ space of which, of size at least (1 — e)n, has 
Euclidean distortion 0(log(2/e)). 

This result should be viewed in comparison to Bourgain's embedding theorem JjO^, which 
states that for every n-point metric spaces X, C2{X) = O(logn). Theorem 11.91 states that 
if one is allowed to identify an arbitrarily small proportion of the elements of X, it possible 
to arrive at a metric space whose Euclidean distortion is bounded independently of n. In 
fact. Theorem II. 91 is proved via a modification of Bourgain's original proof. This is unlike the 
situation for the non-linear Dvoretzky problem, since in ■7^ an example is constructed which 
shows that Bourgain's embedding method cannot yield results such as Theorem 11.41 

Except for a loss in the dependence on e, it is possible to give a more refined description of 
the Q spaces obtained in Theorem 11.91 Using a different embedding method, we can actually 
ensure that for every e > 0, every n point metric space has a Q space of size (1 — e)n which well 
embeds into an ultrametric. This is of interest since such spaces have a simple hierarchically 
clustered structure, which is best described through their representation as a hierarchically 
well-separated tree (see Section |31 for the definition). This special structure is useful in several 
algorithmic contexts, which will be discussed in a forthcoming (Computer Science oriented) 
paper. 

Theorem 1.10. For every e > and n £ N, any n point metric space X contains a subset 
A (^ X of size at most en such that the quotient of X induced by the partition {{a}} ■^■..U{A} 

is O °^^ ''^' equivalent to an ultrametric. On the other hand, there are arbitrarily large n- 

point metric spaces every QS or SQ space of which, of size at least {l—e)n, cannot be embedded 
into an ultrametric with distortion 0(1/ e). 



In Section |S1 we study the QS problem for the hypercube Qd = {0, l}'^ (although the 
embedding results used there may also be of independent interest). The cube-analog of The- 
orem ^1] was studied in 0, where it was shown that ii B C il-d satisfies C2{B) < a then 
\B\ < (72'^"^^'" ' , and on the other hand there is a subset Bq C 0,^ with Euclidean distor- 
tion at most a and which contains at least 2(^~'^°s''^ '^-'J'" ''^ points (here c,c! ,C are positive 
universal constant). In Section 13 we prove the following QS counterpart of this result: 

Theorem 1.11. There is an absolute constant c > such that for all d £f^ and < e < 1/2, 
every QS space of Q.d containing more than (1 — 6)2"^ points has Euclidean distortion at least: 





l0g(l/£) 


\ 


1 1 Inr ( '^ \ 


^ 1 ^Og(,log(l/e)j 



On the other hand, there are QS spaces ofQd, of size greater than (1 — e)2 whose Euclidean 
distortion matches this hound. 

In Section IHl we briefly study another notion of quotient introduced by Bates, Johnson, 
Lindenstrauss, Preiss and Schechtman |H|, which has been the focus of considerable attention 
in the last few years. It turns that this notion of quotient, while being useful in many contexts, 
does not yield a satisfactory non-linear version of the QS theorem (at least for distortion 
greater than 2). Namely, we show that using this notion of quotient we cannot expect to 
obtain quotients of subspaces which are asymptotically larger than what is obtained by just 
passing to subspaces (i.e. what is ensured by Theorem II. .S|) . 

In order to describe this notion we recall the following standard notation which will be 
used throughout this paper. Given a metric space M, x G Af and p > 0, denote -Ba/(x,/j) = 
{y E M; dM{x,y) < p} and Blj{x,p) = {y e M; dM{x,y) < p}. 

Let {X,dx) and (F, dy) be metric spaces and c > 0. A function f : X ^ Y is called 
c-co-Lipschitz if for every x ^ X and every r > 0, f[Bx{x,r)^ 5 BY{f{x),r/cj. The function 
/ is called co-Lipschitz if it is c-co-Lipschitz for some c > 0. The smallest such c is denoted 
by coLip(/). A surjection f : X ^Y \s called a Lipschitz quotient if it is both Lipschitz and 
co-Lipschitz. The notion of co-Lipschitz mappings was introduced by Gromov (see Section 
1.25 in |17j). and the deflnition of Lipschitz quotients is due to Bates, Johnson, Lindenstrauss, 
Preiss and Schechtman [SI. The basic motivation is the fact that the Open Mapping Theorem 
ensures that surjective continuous linear operators between Banach spaces are automatically 
co-Lipschitz. 

In the context of finite metric spaces these notions only make sense with additional quanti- 
tative control of the parameters involved. Given a > and two metric spaces (X, dx)-, (^, dy) 
we say that X has an a-Lipschitz quotient in Y if there is a subset Z d Y and a Lipschitz 
quotient f : X ^ Z such that Lip(/) • coLip(/) < a. The following definition is the analog of 
Definition 11.61 in the context of Lipschitz quotients. 

Definition 1.12. Let A4 be a class of metric spaces. For every n G N and a > 1 we denote by 
QS^{a,n) the largest integer m such that every n-point metric space has a subspace which 
has an a-Lipschitz quotient in a member of M. When Ai = {ip} then we use the notation 

The main result of Section IHl is: 
Theorem 1.13. The following two assertions hold true: 



1. For every a > 2 there is an integerriQ such thatforn > hq: n^("' < QS2^^{ct,n) < vP^'^\ 
where c{a),C{a) depend only on a and < c{a) < C{a) < 1. 

2. For every 1 < a < 2 there is an integer hq such that for n > hq: 

gC'{o)Vlogn ^ QS^^^(a n) < e*^' (") \/ ('°s «) (log log n) 

where c'{a),C'{a) depend only on a. 

Thus, the additional Lipschitz quotient operation only yields an improvement for distortion 
smaller than 2. We have not studied the analogous questions for the Q and SQ problems. 

Throughout this paper we also study the functions Qp,SQp, QSp for general 1 < p < oo. 
In most cases we obtain matching or nearly matching upper and lower bounds for the various 
functions, but some interesting problems remain open. We summarize in Table Inland Table El 
the qualitative nature of our results (in which we write once more Rp = Sp). As is to be 
expected, it turns out that there is a difference between the cases 1 < p < 2 and p > 2. In 
both tables, the first row contains results from [§] and 0. In TableOlthe question marks refer 
to the fact that for p > 2 our lower and upper bounds do not match in the range (2^'^, 2). 





Distortion 

(1,2^-p) (2^"^2) 


(2,cx)) 


Sp 


logarithmic 


polynomial 


Qp 


constant polynomial 


proportional 


QSp 


polynomial 


proportional 


SQp 


polynomial 


proportional 



Table 2: The qualitative behavior of the ip quotient/ subspace function for p < 2, and different 
distortions. 





Disto 

(1,2p) (2p,2i) 


rtion 

(2i,2) 


(2,oo) 


s. 


logarithmic 


? 


polynomial 


Qp 


constant polynomial 


? 


proportional 


QSp 


polynomial 


? 


proportional 


SQp 


polynomial 


? 


proportional 



Table 3: The qualitative behavior of the ip quotient/ subspace function for p > 2, and different 
distortions. 



This paper is organized as follows. Section |2 deals with the various upper bounds for 
Qp, QSp, SQp. In SectionOlwe prove Theorem 11.91 and Theorem 11.101 In Section^we prove 
the various lower bounds for Qp{a,n) , QSp{a,n) and SQp{a,n) for a < 2. Section deals 
with the QS problem for the hypercube (in the context of embeddings into £p for general 
p > 1). Finally, Section |H1 deals with the QS problem for Lipschitz quotients. 



2 Upper Bounds 

In this section we present the various upper bounds for the Q, QS and SQ problems presented 
in the introduction. In the following two sections we will provide matching lower bounds for 
these problems. 

We begin with an abstract method with which one can obtain upper bounds for QSm {a, n), 
for various classes of metric spaces Ai. 

Lemma 2.1. Let M be a class of metric spaces and a > 1. Assume that there exists a k-point 
metric space X such that cm{^) > ce- Then for every integer n, 

max{5QA^(a, n/c), Q5x(a,nA;)} < {k — -\n. 

Proof. Define y = Xx {!,... ,n}. We equip Y with the following metric: 

dx{x,y) i = j 



dY{{x,i),{y,j)) - 1 ^ ■, ■ 

It is straightforward to verify that provided /3 > diam(X), dy is indeed a metric. 

Since \Y\ = nk, it is enough to show that Y has no QS or SQ space of size greater than 
(^k — -^^ n which a-embeds into a member on Ai. Let C/i . . . , C/r C y be disjoint subsets and 
r > (^k — -^^ n. Denote m = \{l < i < r; \Ui\ = 1}\. Then: 



kn > 



i=l 



y \Ui\ > m + 2(r — m) > 2 I k ^ n — m = 2kn — n — m. 



Hence m > kn — n, which implies that there is i G {!,..., n} such that the singletons 
{{{x,i)}} j^ are all elements oiU = {C/i, . . . , C/^}- If Y has either a QS space or a SQ 
space of size greater than r which a-embed into a member of M then we could find such lA 
which could be completed to a partition V of a subset 5 C y such that U, equipped with the 
quotient metric induced by V, a-embeds into a member of ^A. By taking (3 = diam(X) we 
guarantee that both the QS and the SQ metrics induced by V, when restricted to X x {i} are 
isometric to X. This contradicts the fact that cm{^) > «• D 

The next two corollaries are the upper bounds contained in Theorem 11.91 and the second 
part of Theorem 11.71 

Corollary 2.2. For every e G (0, 1) and 1 < p < oo there are arbitrarily large n-point 
metric spaces every QS or SQ space of which, U, of size at least (1 — e)n, satisfies Cp(U) > 
n{[log{2/e)]/p). 

Proof. By ^3] there are constants c, Eq > such that for e < eo there is a fc-point metric 
spaces X with A; < ^, for which Cp{X) > c[log{l/e)]/p. By Lemma [2.11 for every integer 
m there is a metric space of size km, such that every QS or SQ space of which, of size 
at least (^k — -^^ m < (1 — e)km, cannot be embedded in ip with distortion smaller than 
c[log{2/e)]/p. D 

Corollary 2.3. For every a > 1 there exists a constant c{a) < 1 such that for every 1 < p < oo 
there is an integer no = no(p) such that for every n > uq, QSp{a,n),SQp{a,n) < c{a) • n. 



Proof. By T^ there is a constant c > such that for every k large enough there is a metric 
space Xk such that for every I < p < oo, Cp{Xk) > [clog/cj/p. So, for A: = [e^^/'^J + 1, 
Cp{Xk) > a. If n > S/c^ then we can find an integer m such that f < m < ||5^ • ^. By 
Lemma 12. 11 



max {QSp{a,n),SQp{a,n)} < max {QSp{a,mk),SQp{a,mk)} < ik — -j m < (l~Tr) 



n. 



D 



The upper bound for embedding into the class of ultrametrics, analogous to Corollarv 12.21 
shows that in this case the asymptotic dependence on e is worse. In order to prove it we need 
the following simple lemma. Recall that a metric space {X, d) is called ultrametric if for every 
x,y,z S X, d{x, y) < Ta.ax{d{x, z), d{y, z)}. In what follows we denote by UM the class of all 
ultrametrics. 

Lemma 2.4. Let {aj}"^;^ be an increasing sequence of real numbers, equipped with the metric 
induced by the real line. Then: 

cuMdai,... ,an\) > 



maxi<j<„_i(ai+i - Oj) 

In particular, cum({1i • • • ^n}) > n — 1, i.e. the least distortion embedding of {1, . . . ,n} into 
an ultrametric is an embedding into an equilateral space. 

Proof. Let X be an ultrametric and / : {ai,...,a„} ^ X be an embedding such that for 
all 1 < i,j < n, dx{f{ai),f{aj)) > \ai — aj\ and there exist 1 < i < j < n for which 
dx{f{ai)J{aj)) = \ai - aj\. For 1 < i,j < n write i ~ j if dx{f{ai),f{aj)) < a„ - ai. 
The fact that X is an ultrametric implies that ~ is an equivalence relation. Moreover, our 
assumption of / implies that 1 9^ n. It follows that there exists 1 < i < n — 1 such that 
Oi 7^ (Xj+i, i.e. dx{f{cii+i), f{ai)) > an — ai, which implies the lower bound on the distortion 
of/. D 

Corollary 2.5. For every < e < 1 there are arbitrarily large n-point metric spaces every QS 
or SQ space of which, U, of size at least (1 — e)n, satisfies cum(^) > |_^J — 2. Additionally, 
for every a>\ and every n > 8([aJ + 2)^, SQ\jM{o.,n), QS\jM{o.,n) < g , 4|"| n. 

Proof. The proof is analogous to the proofs of Corollary 12.21 and Corollary 12.31 In the first 
case we set k = \_2-\ and take X = {1, . . . , k}. By Lemma l2.4( c\jm{X) >k — l>k — 2, and 
the required result follows from Lemma 12.11 In the second case we set k = [a\ + 2 so that 
cum({1i • • • ) ^}) > o. We conclude exactly as in the proof of Corollarv 12.31 D 

The following proposition bounds from above the functions QSp and SQp for distortions 
smaller than 2™™>^^'-^'*'j . Our proof is a modification of the technique used in |S]. 

Proposition 2.6. There is an absolute constant c > such that for every 6 G (0, 1), and 

every n & N, if 1 < p < 2 then: 

max{QSp{2 - 6,n),SQp{2 - 6,n)} < n^~^^\ 
and if 2 < p < 00 then: 

max\^QSp{2^/P - 6,n),SQp{2^/P - 5,n)} < n^''P'^\ 



Proof. Fix an integer m, and denote by Km,m the complete bipartite mxm graph. It is shown 
in [S] that: 

' 2(Hi-i)^/P l<p<2 



I 2^/P (^) '^ 2 <p<oo. 



It follows in particular that for m = ^ , Cp{Km,m) > 2'"''^^1'2/p} - 5. 

Fix < q < 1, the exact value of which will be specified later. Let G = (V, E) be a random 
graph from G{n, q) (i.e. a graph on n vertices, such that each pair of vertices forms an edge 
independently with probability q). Define a metric on V by requiring that for u,v €z V, u ^ v, 
d{u, i;) = 1 if [u, v] € E and d{u, w) = 2 if [u, v] ^ E. Fix an integer s. Consider a set of s 
disjoint subsets oi V, U = {Ui, . . . , Us}. We observe that when U is viewed as either a QS or 
SQ space of {V,d), in both cases the metrics induced by U are actually the same (and equal 
m.m{d{x,y); x e Ui, y £ Uj}). Denote W = {U; l<i<s, \Ui\ < ^}. Clearly \W\ > s/2. 
Without loss of generahty, W 2 {f^i, U2, ■ ■ ■ , ^^[3/2] }• 

For 1 < i < j < [5/2] denote by 7jj the probability that there is an edge between [/, and 
Uj. Clearly jij = 1 - (1 - q)\U&\Uj\^ g^ ^hat: 



< 



lij <l-{l-q) 



(2n/s)2 



Since Km,m has m^ edges, the probability that the metric induced by U (in both of the SQ 
and QS cases) on a given 27Ti-tuple in {Ui, U2, • • • , U^s/2]} coincides with the metric on Km,m 
is therefore at least: 



U2n/s)2l ('r)-™2 r , _.{2n/sfirn^ 



[(l_g)(2nA)^]UJ— > [^(1 



v2 



As shown in [H], there are (4^) 2m-tuples of elements of {Ui,U2, ■ ■ ■ , C^[s/2] }) such that any 
two intersect in at most one point. Therefore, the probability that U does not contain a 
subspace isometric to Km,m is at most: 



{1- [g(l-g)(2"/^) 



2nm'^ 



\Am) 



Observe that the number of partitions of V into at least s subsets is s" + (s + l)" + . . . + n" < 
(ra + 1)", so that the probability that all the s-point QS (or SQ) spaces of iV^d) contain an 
isometric copy of Km,rm and hence cannot be embedded into ip with distortion smaller that 

2min{l,2/p} _ ^^ ig ^^ i^^^. 



l-{n+ir{l-[qil 



A{2n/s)2-|m^U4m) 

We will therefore conclude the proof once we verify that for s ~ n ^ , we can choose q 
such that this probability is positive. Write s = n}~^ and q = p^S^n""^^ . Then, since m, < A, 
there is an absolute constant C > such that: 



[g(l_g)(2nA)^]-'>Cn-3V(P^<5^). 



Hence: 



\im) 



l-{n+ 1)" {1 - [q{l - q){2n/s)Yy'-^ > i _ (n + 1)" [l - Cn'^Vb^^^) 



p252„2-2^/;Lg2 



2;r2, 



nlog{n+l)-C'p252„2-64^/(p^5^) 



y ^_ grtiog^ra-t-i;-L- pan - - >- > 



where we have assumed that C'p'^d'^ < 1 (which we are clearly allowed to do), and chosen 
r] = cp^d"^ for a small enough constant c. 

D 

We end this section by showing that for a < 2^^^^^''^'^^^''^' we cannot hope to extract 
quotients of metric spaces which embed in tp with distortion a and that contain more than a 
bounded number of points. This is quite easy to see, by considering the star metric (defined 
below). What is perhaps less obvious is that star metrics are the only obstruction for the 
existence of unboundedly large quotients of any sufficiently large metric space, as shown in 
Section |^ 

Given an integer n we denote by -^„ the metric on {0, 1, ... , n} given by d^^{i, 0) = 1 for 
1 < i < n, and d^„{i,j) = 2 for 1 < i < j < 2. The metrics i^n are naturally called star 
metrics. 



Lemma 2.7. For every integer n, 






(1) 



Proof. Let / : -^^ -^ ^p be an embedding such that for every x,y £ -^„, 

d^„{x,y)<\\f{x)-f{y)\\p<Ld^„ix,y). 
We begin with case 1 < p < 2. In this case, as shown in ^S], for every xi, . . . , x„, yi, ■ ■ ■ ,yn & 



p 



i=l j=l i=l j=l 

Applying this inequality to Xi = f{i) and yi = /(O) we get that: 



n(n - 1)2^ < j; j;il/(^) -/(j)ll^ < 2 j; j;i|/(.) -/(O)ll^ < 2n'L^. 

i=l j=l i=l j=l 

This proves the required result for 1 < p < 2. For p > 2 we apply the same argument, but use 
the following inequality valid for every xi, . . . ,Xn,yi, ■ ■ ■ ,yn £ ^p (see Corollary 7 in [5]): 



n 



,.\\p 

Wp- 
i=l j=l 1=1 j=l 



In the following corollary (and also later on in this paper), we use the convention Qp{a, n) 
when a < 1. 

Corollary 2.8. For every integer n and every < S < 1, if 1 < p <2 then: 



and if 2 < p < oo then: 



Qp{2'~yP{l-5)'/P,n)<l + ^, 



Qp{2'/P{l-6)'/P,n)<l + ^. 



Proof. It is straightforward to verify that any Q space of V^n-i of size /c + 1 is isometric to 
■^fc (the new "root" will be the class containing the old "root" of the star). The result now 
follows from the lower bounds in Lemma 12.71 D 
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3 Lower Bounds for Large Distortions 

In this section we study the following problem: Given e > 0, what is the least distortion a 
such that every n point metric space has a Q space of size (1 — e)n which a embeds into t^l 
We prove a lower bound which matches the upper bound proved in Section |2j The proof is 
based on a modification of Bourgain's fundamental embedding method ^Hj. Next, we further 
refine the structural information on the quotients obtained. Namely, we construct for arbitrary 
n-point metric spaces quotients of size (1 — e)n which c(e)-embed into an ultrametric. In fact, 
in both cases we obtain the following special kind of quotients: 

Definition 3.1. Let M be an n-point metric space and A C M. Let lA be the partition of M 
consisting of A and the elements of M \ A as singletons. The Q space of M induced by lA will 
be denoted MjA. By the definition of the quotient operation it is easy to verify that for every 
x,y^M\A, 

dM/A{x,y) = Tam{dM{x,y),dM{x,A) + dM{y,A)}. (2) 

Additionally, for x £ M \ A, dM/Ai^, A) = dMix, A). 

This simple description of the quotients we construct, together with the fact that we can 
ensure they have the hierarchical structure of ultrametrics, has algorithmic significance, which 
will be pursued in a future paper. 

The following definition will be useful: 

Definition 3.2. Let X be a metric space, x G X and m > 1. We shall say x is an m-center 
of X if for every y £ X and every r > 0, if \Bx{y, r)\ > m then x £ Bx{y, r). 

Lemma 3.3. Let M be an n-point metric space and < e < 1. Then there exists a subset 
T (1 M such that \T\ < en and T is a — °g^ z^-* -center of M/T. 

Proof. Set m = — 2ElJ11_ Yov every x G M denote by Px{fn) the smallest p > for which 
\BMix,p)\ > m. Choose a random subset T C M as follows: Let S be the random subset of 
M obtained by choosing each point with probability e/2. Define: 

T = S U {x e M; SnBM{x,Px{m)) =0}. 

Then: 

E|r|=E|5|+ ^FT[snBM{x,Po,{m)) =0 

Denote U = M/T. The proof will be complete once we show that: 

yweU, yr>0 \Bu{w,r)\>m^TeBu{w,r). 

Indeed, \iw = T then there is nothing to prove. Otherwise, assume for the sake of contradiction 
that w = X for some x £ M \T with du{w, T) = dM{x, T) > r. By (J2}, for every y £ M \T, 
du{x, y) = minj^Af (x, y), duix, T) + duiv, T)]. In particular, if du{x, y) < r then dM^x, y) = 
du{x,y). Hence \BMix,r)\ > m, so that by the construction of T, T n BM{x,r) ^ 0, contrary 
to our assumption. D 

The following lemma shows that metric spaces with an m-center well embed into ip. The 
proof is essentially a repetition of Bourgain's original argument JU] (we actually follow Ma- 
tousek's ip- variant of Bourgain's theorem pH]). 
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en ( e \ "I 



Lemma 3.4. Fix m > 1 and let X be a metric space which has an m-center. Then for every 
I < p < CO, 

Cp[X) < 96 



p 



Proof. Let x be an m-center of X. Set q 



logrn. 
P 



Fix u,v £ X, u ^ V. For i £ {0,1, . . . ,q} 



let Tj be the smallest radius such that \Bx{u,ri)\ > e^* and \Bx{v,ri)\ > e^*. Observe that 
by the definition of q, \Bxiu,rq)\, \Bx{v,rq)\ > e^^ > m, so that since x is an ?7i-center of X, 
X £ Bx{u,rq)<r\Bx{v,rq). This implies that rq > ^^^'""K Fix i £ {1, . . . ,q}. By the definition 
of Tj we may assume without loss of generality that \B'^{u,ri)\ < e^*. If yl C X is such that 
AnBx{u,ri) = and AnBx{v,ri-i) / then dxiu,A)-dxiv,A) > rt-ri-i. li A is chosen 
randomly such that each point of X is picked independently with probability e"^* then the 
probability of the former event is at least: 



1 r 

gpi 



\Bx{v,ri 



1 > 


\B°^(u,n)\ 

> 


1- 


( 
1- 

v 


1 ^ 


eP(i-i)- 


gpiy 


eP\ 





1 

1 r 

gpi 



eP» 



> 



1 



For A^ X, denote by 7rj(^) the probability that a random subset of A, with points from X 
picked independently with probability e"^*, equals A. The above reasoning implies that: 

(ji - ri_i)P 



^MA)\dx{n,A)-dx{v,A)\P> 

ACX 
SO that if we define oa = - ^0,=! T^i{^) then: 

Y,c^A\dx{u,A)-dx{v,A)\P > ^^(r,- 



n-iY 



ACX 



j=l 



> 



8qPeP 






U-ij 



{rq-ro)P ^ [dx{u,v)]P 



8qPeP 



16 • 2PqPeP 



Now, the embedding of X sends an element n G X to a vector indexed by the subsets of X, 
such that the coordinate corresponding to ^ C X is a^ • dx{u, A). Since YIacx (^a = ^, such 
a mapping is obviously non-expanding, and the above calculation shows that the Lipschitz 
constant of its inverse is at most 16^'^ • 2eq < 96q, as required. 



n 



The following corollary is a direct consequence of Lemma 13.31 and Lemma 13.41 



Corollary 3.5. There is an absolute constant c > such that for every 1 < p < oo and every 
< e < 1, any n-point metric space M has a subset A <^ M such that \A\ < en and: 

Cp{M/A) < 1 + £ log f - 
p \e 
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We can also apply Lemma 13.31 to obtain quotients which embed into ultrametrics. The 
basic fact about ultrametrics, already put to good use in 0, is that they are isometric to 
subsets of Hilbert space. Another useful trait of finite ultrametrics is that they have a natural 
representation as hierarchically well-separated trees (HSTs). We recall the following useful 
definition, due to Y. Bartal [2]: 

Definition 3.6. Given A; > 1, a /c-HST is a metric space whose elements are leaves of a rooted 
tree T. To each vertex u £ T, a label A(m) is associated such that A{u) = if and only if u 
is a leaf of T. The labels are strongly decreasing in the sense that A(m) < A(v)/k whenever 
u IS a child of v. The distance between two leaves x,y £ T is defined as A(lca(x,y)), where 
lca(a;, y) denotes the the least common ancestor of x and y in T. In what follows, T is called 
the defining tree of the fc-HST. For simplicity we call a 1-HST a HST. It is an easy fact to 
verify that the notion of a finite ultrametric coincides with that of a HST. Although fc-HSTs 
will not appear in this section, this proper subclass of ultrametrics will play a key role in 
Section |3 

Lemma 3.7. Let m > 1 be an integer and let X he an n-point metric space which has an 
m-center. Then X 2m-emheds into an ultrametric. 

Proof. We prove by induction on n that there is a HST H with (l\aTa.{H) = diam(X) and a 
bijection f : X ^ H such that for every u,v £ X, dx{u,v) < dH{f{u),f{v)) < 2mdx{u,v). 
For n = 1 there is nothing to prove. Assuming n > 1, let x be an m-center of X. Denote 
A = diam(X), and let a,b £ X he such that dx{a,b) = A. We may assume without loss of 
generality that dxix, a) > A/2. For every k = 1, . . . ,m, define: 

f ,, A(i-l) , , , Ai 

Ai = ■>y£X; -^ '- < dxiy, a) < ^— 

I 2m 2m 

Now, U'^iAi = B'^{a, A/2) = {y £ X; dx{a,y) < A/2}. Since X is finite, there is some 
r < A/2 such that i?^(a, A/2) = Bx{a,r). But x ^ Bx{a,r), and since x is an m-center of 
X, it follows that \Bx{a,r)\ < m. Since the set {j4j}^j^ are disjoint, and Ai ^ 0, it follows 
that there exists 1 < i < tti — 1 for which ^j+i = 0. 

Denote B = L)^■-^^Aj = B°^{a, Ai/{2m)). Observe that X \B has an ?7i-center (namely x), 
and B has an ?7i-center vacuously (since |-B| < m,). By the inductive hypothesis there are HSTs 
Hi,H2, defined by trees Ti,T2, respectively, such that diam(i?i) = diain{B), diam(i?'2) = 
diain{X\B), and there are bijections fi:B^ Hi, f2 : X\B ^ H2 which are non-contracting 
and 2m-Lipschitz. Let ri,r2 be the roots of Hi,H2, respectively. Let T be the labelled tree 
T rooted at r such that A(r) = diam(X) = A, ri,r2 are the only children of r, and the 
subtrees rooted at ri,r2 are isomorphic to Hi,H2, respectively. Since A(ri) = diam(i7i) = 
diam(i?) < diam(X), and similarly for r2, T defines a HST on its leaves H = Hi U H2. We 
define f:X^Hhyf\B = /i, and f\x\B = /2. If « £BanAv£ X\B then dnUiu), f{v)) = 
A(r) = A > dx{u,v). Furthermore, dx{u,a) < Ai/2m and dx{v,a) > A{i + l)/2m, (since 
AiJ^i = 0). Hence: 

dx{u,v) > dxiy, a) -dx{u,a) > — = . 

This concludes the proof. D 

Lemma 13.31 and Lemma l3 . 71 imply the following corollary: 
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Corollary 3.8. For every < e < 1 and every integer n, every n-point metric space M 
contains a subset A C M such that \A\ < en and: 

cum{M/A) < . 

4 Lower Bounds for Small Distortions 

In this section we give lower bounds for Qp{a, n), QSp{a, n), SQp{a, n) when a < 2. We begin 
by showing that for distortion a greater than 2™"^"~^'*''^'*'J , every n-point metric space has a 
polynomiahy large Q space which a-embeds in ip. The following combinatorial lemma will be 
used several times in this section. In what follows, given an integer n G N we use the notation 
[n] = {1, . . . ,n}. We also denote by ('2 ) the set of all unordered pairs of distinct integers in 

Lemma 4.1. Fix n, /c G N, n > 2. For every function x '■ (2) ~^ W\ ^here is an integer 

l/fc 

s > g" and there are nonempty disjoint subsets ^1, . . . , ^^ C {1, . . . , n} and£ G {1, . . . , fc} 

such that for every I < i < j < s, 

ram{x{p,q); p e Ai, qe Aj} = L 

Furthermore, for every 1 < i,j < s, i ^ j, and every p £ Ai, there exists q £ Aj such that 
X{p,q) =(■ 



Proof. The proof is by induction on k. For k = 1 there is nothing to prove. Assume that k > 1 

1/k 

and denote m = \{{i,j); xihj) = 1}|- Define s " 



. We first deal with the case m > 



Slogn 

i„i+i/fc^ For each i £ {l,...,n} let Bi = {j; xihj) = !}• Denote C = {i; \Bi\ > n^/^'/i}. 
Then: 

„l+l/fc " l/fc „1+1/A: 

^^ <m = Y,m< \C\n +in-\C\)^<\C\n + -^, 

i=l 

i.e. \C\ > ni/^/4. 

Consider a random partition of C into s subsets Ai, . . . ,As, obtained by assigning to each 
i G C an integer 1 < j < s uniformly and independently. The partition Ai, . . . ,As satisfies the 
required result with i = 1 ii Ai, . . . ,As are nonempty and for every 1 < n < s, every i G A^ 
and every u / n, i?i n A„ / 0. The probability that this event doesn't occur is at most: 

s s s / 1\I'^I 

^Pr(A„ = 0)+j;j;j;Pr(iGA„, B.nA, = 0) = s (l - -] + 

u=l u=l i<^C v=l ^ ^ 

s * 1 / 1\ \Bi\ 

Z-^ Z-^ Z-^ a \ g 

u=li£Cv=l 



< (n+l)s ( 1- - 

s 



ni/fc/4 



^1+1/A: / ^1/fe Slogn 

~ 4 log n ^^^ i 4 n i/fc 

41ogn 



14 



so that the required partition exists with positive probabihty. 

It remains to deal with the case m < ■^'n}'^^'^ . In this case consider the set D = {i; |-Bi| < 
n^/^}. Then ^n^+^Z'^ > m > n^/^{n - \D\), so that \D\ > n/2. Consider the graph on D 
in which i and j are adjacent if and only if xihj) = 1- By the definition of D, this graph 
has maximal degree less than n^' , so that it has an independent set I C D of size at least 
\D\/n^' > 2'n^~^ (to see this, color D with n^' colors and take the maximal color class). 
The fact that / is an independent set means that for i,j £ I, xihJ) > 1; so that we may apply 

\J\l/(k-l) 

the inductive hypothesis to / and obtain the desired partition of size at least gj i j i . We 

may assume that n^' > 2e, since otherwise the required result is vacuous. In this case the 
lower bound on |/| implies that we are in the range where the function x h^ x^'^'^^^' /logx is 
increasing, in which case: 



|j|i/(fe-i) n^i-i/kfC^-') ^i/k 



> — A > 



81og|/| - 8(1- l/A:)logn " Slogn 
where we have used the inequality (1 — l/k)2^'^ ' < 1. 



D 



The relevance of Lemma 14.11 to the QS problem is clear. We record below one simple 
consequence of it. Recall that the aspect ratio of a finite metric space M is defined as: 

Lemma 4.2. Let M he an n-point metric space and 1 < a < 2. Then there is a QS space of 
M , lA, which is a equivalent to an equilateral metric space and: 



\U\> 



n 



(loga)/[21og<I>(A/)] 



81ogn 



Proof. By normalization we may assume that Ta.m.x^ydM{x,y) = 1. We may also assume that 



a < $(M). Write $ = $(M) and set k 



log a 



+ 1. For every x,y £ M, x ^ y there is a 



unique integer x{x,y) G [k] such that dM{x,y) E [a^*-^'^) ^,a^*-^'^)). Lemma UTTI implies that 



„(loga)/[21og*(M)] 



Slogn 



there are disjoint subsets Ui, . . . ,Us C M and an integer i G [k] such that s > 

and for every 1 < i < j < s, dM{Ui, Uj) € [a^~^,a^). Consider the QS space U = {Ui, . . . , Ug}, 
and observe that since a < 2, any minimal geodesic joining Ui and Uj must contain only two 
points (namely Ui and Uj). This implies that U is a-equivalent to an equilateral space. 

D 

In what follows we use the following definition: 

Definition 4.3. Let M be a finite metric space. For x G M we denote by rM{x) the distance 
of X to its closest neighbor in M: 

rM{x) = dM{x,M\{x}) = min{(iM(a;,y); y G M,y / x}. 

For < a < 6 it will be convenient to also introduce the following notation: 

M[a, h)={xe M; a < rM{x) < b} . 
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For the sake of simplicity, we denote 9{p) = min "^ ^; 1 — M- 

In the following lemma we use the notation introduced in Definition 13.11 in Section [l] 

Lemma 4.4. Let M be an n-point metric space. Then there exist two subsets S,T <^ M with 
the following properties: 

a) 5nr = 0. 

b) |r| > n/4. 

c) For every x £ T and every subset S CW '^ M \ {x}, dMix, W) = rM{x). 

d) For every A ^ M \T and every x,y £ M \ A: 

dM/A{x,y) = inm{dM{x,y),rM{x) +rAf(y)}, dM/A(.x,A) = rM{x). 

Proof. Choose a random subset S" C M by picking each point independently with probability 
1/2. Define: 

T = {x G M \ 5; duix, S) = ruix)] . 

To estimate the expected number of points in T, for every x G M denote by Nx C M the set 
of all points y £ M such that rMix) = dM{x,M \ {x}) = dM{x,y). Then x G T if an only if 
x ^ S and NxCiS ^ 9. These two events are independent and their probability is at least 1/2. 
Hence E|r| > n/4. Parts a),b) and c) are now evidently true. Part d) follows from part c) 
due to 0. 

n 

Given an integer n and < r < 2, we denote by -^J^ the metric on {0, 1, . . . , n} given by 
d^T (i, 0) = 1 for 1 < i < n, and d-^r {i,j) = r for 1 < i < j < n. The metrics -^^ will also be 
called star metrics (recall that when r = 2 we have previously used the notation -^„ = "^^). 

Lemma 4.5. Let M be an n-point metric space, < a < b < 2a and b/a < a < 2b/a. Let 
S,T C M be as in Lemma \4.4\ Write m = \T n M[a, b)\. Then there is some < r < ^ < 2 
and a Q space of M , lA, which is a -equivalent to 'if.\i\ and: 



\U\> 



m 



{loga)/6 



81ogm 

Proof. Consider the set N = T f] M[a, b). By definition, for every x,y £ N, x ^ y, 

mm{dM{x,y),rM{x) +rM{y)} G [a, 26). 



Setting k 



log(2fc/a) 
log a 



1, it follows that there is a unique integer x{x,y) G [0, k] such that 
< mm{dM{x,y),rM(.x) +rA/(y)} < ,^. . . (4) 



„x{^,j/)+i ^— n-i«v->«y,-iv.v-^; , ■i.iyyji ^ a^i^'Vy 



Denote s 



"llf^ ^ , and apply Lemma |4. II to get an integer i G [0, k] and disjoint subsets 
Ai, . . . ,As C N such that for every 1 < i < j < s: 

min{x(x,y); x £ Ai, y G Aj} = L 

Let li be the Q space of M whose elements are Ai,. . . ,As and ^o = -^ \ ^l=i-^i- The metric 
on U is described in the following claim: 
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Claim 4.6. For every 1 <i < s, di({Ai,AQ) G [a,b). Furthermore, for every 1 < i < j < s, 

26 26 



<du{Ai,Aj) < -y. 



Proof. By part c) of Lemma H^ for every 1 < i < s and every x G Ai, dMixjAo) = rM{x) € 
[a, 6). Moreover, for every < z < j < s, dM{Ai,Aj) > a. Since 2a > 6, tiiis shows 
that any geodesic in U connecting Aq and Ai cannot contain more than two elements, i.e. 
du{Ai,Ao) = dM{Ai,Ao) £ [a,b). Now, take any 1 < i < j < s. By ©, dM{Ai,Aj) > J^ 
and: 



duiAi,Aj) < mm{dMiAi,Aj),dMiAi,Ao) + dMiAj,Ao)} 
= min min{(iM(a:,y),rAf(x) +rM(y)} e 






Consider a geodesic connecting A^ and ylj . It is either (^j i ^j ) > (^i , ^o ) ^j ) oi' else it contains 
either a consecutive pair (^u,A^) for some \<u<v<s^u^v,ot four consecutive pairs 
(^j, Aq), (Aq, A„), (A„, Aq), (Aq,^^) for some 1 < u, u < s. In the first three cases we get 
that du{Ai,Aj) > -j^. The fourth case can be ruled out since in this case the length of the 
geodesic is at least 4a > 2b > ^, which is a contradiction to the upper bound in ©. D 

Setting r = — ^qrr < 2, it follows from Claim H^ that U is a-equivalent to -^J. D 

The relevance of the metrics i^^ to the Q problem is that when r is small enough they 
isometrically embed into Lp-. 

Lemma 4.7. For every integer n, every 1 < p < oo and every < r < 2^"^^^', -^^ isometri- 
cally embeds into Lp. 

Proof. We begin with the case 1 < p < 2. In this case our assumption implies that there 
exists < 6 < 1 such that r = 2^'P(1 — 6)^' p. Our claim follows from the fact that there are 
wi, . . . ,Wn G Lp such that \\wi\\p = 1 and for i / j, ||wj — WjWp = r. Indeed, if 5 = then 
we can take these vectors to be the first n standard unit vectors in lp. For 5 > we take 
wi, . . . ,Ws to be i.i.d. random variables which take the value 6~^'^ with probability 6 and the 
value with probability 1 — 5. 

The case p > 2 is slightly different. In this case our assumption is that r < 2^^^'^, so 
that we may find < 6 < 1 such that r = 2^^^'^[6{1 — 6)]^'^. We claim that there are 
wi, . . . ,Ws G Lp such that \\wi\\p = 1 and for 1 < i < j < s, \\wi — Wj\\p = r. Indeed, we can 
take wi, ... ,Ws to he i.i.d. random variables which take the value +1 with probability 5 and 
the value —1 with probability 1 — 6. 

n 

We will require the following definition from j^j. 

Definition 4.8. Fix k > 1. A metric d on {1, . . . , n} is called /c-lacunary if there is a sequence 
0-1 ^ CL2 > . . . > o-n-i ^ such that Oj+i < ai/k and for 1 < i < j < n, d{i,j) = Oj. 

It is clear that fc-lacunary spaces are ultrametrics, so that they embed isometrically in 
Hilbert space. 
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Proposition 4.9. Let M he an n-point metric space, n > 2. Fix k>l, 1<(3<2 and 
P < a < 2p. Then M has a Q space, lA, which is a- equivalent to either a k-lacunary space or 
a star metric -^i^, for some < r < 2/ j3, and: 

(loga)/8 



M> 



1 



nlog(a//3) 



max{log(2A:),log[l/(/3-l)]} 



32 log n 
Proof. Let T be as in Lemma 14.41 For every integer i E Z set: 



Ci 



x€T; [^j <rM(x)<(^^) \ = T n M[ia/py ,{a/pr'). 



Define m 



max{logfc,log[l/(/3-l)]} 



. For every j S {0, 1, . . . , tti — 1} define Dj = Uj= 



j mod (m)'-^i- 



log(a//3) 

Let q be such that \Dq\ = maXjg|o^...^m-i} \^i\- Then \Dg\ > \T\/m > n/(4r?T,) + 1. 

Set £ = |{r G Z; Cg+rm 7^ 0}|- There are ri > r2 > ■ ■ ■ > ri such that Cg+nm ¥" ^- Fix 
Vi G Cq-^-nm- Consider the subset A = M \ {vi, . . . , Vi} ^ M \T. By our choice of T: 



dM/A{vi,A) = rM{vi) e 



q+Tim 



a 



q+Tim+l 



and 



du/A {vi,Vj) = min{ dAf {vi,Vj), ru {vi) +rM{vj)}. 
In particular, since dM{vi,Vj) > max{rM{vi),rM{vj)}, 



dM/A{vi,Vj) > dM{vj,S) 



> 



q+rjvn 



Additionally, for i < j, since r^ > r, • + 1, 



dM/A {Vi,Vj) < ru {Vi)+ TM {Vj ) 

q+nm+l 



< 



< 



a 

^5 



+ 



W 



1 + 



q+Vjm+l 



(3 



a 



< "'5j 



\ q+riiri 



by our choice of m. Denote a, = (a//?)''"'''''™'. Then Oj+i < {f3/a)^ai < Ui/k and we have 
shown that M/A is a-equivalent to the /c-lacunary induced by (aj) on {1, . . . ,£ + 1}. 

Let r be such that |Cq+r.m| = maxjg^ IC^+jml- Then |Cg+r.m| > \Dg\/i > n/{Amtj. By 
Lemma l4.5| M has a Q space V which is a equivalent to "^'lyi for some < r < 2//5, and: 



IVI > 



16 log 



ogn V4m^/ 



n \(loga)/6 



Summarizing, we have proved the existence of the required Q space of M whose cardinality 

is at least: 

f 1 / n \(loga)/6' 

min max < i, — - — - 

i>i y 16 log n \4miy 

from which the required result easily follows. 

D 
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Corollary 4.10. For every < e < 1 and 1 < p < oo there exists a constant c = c{p,e) > 
such that for every integer n, 



Qp(2^(P)(l + e),n)> 



en 



[e(p)+iog(i+£)]/io 



Proof. Apply Proposition lOl with k = 1, a = 2^(p)(1 + e) and /3 = 2^(p). By Lemma HTl the 
resulting Q space is a-equivalent to a subset of Lp. D 

Corollary 4.11. Fix < e < 1. For every integer n > 2 and every 1 < p < oo; 

SQpil+e,n)> 



100 log n 



In fact, for every k > 1, any n-point metric space M has a SQ space U which is \ + e 
embeddable in either a k-lacunary space or an equilateral space, and: 

1 / \ e/12 



100 log n \\og{2k) 

Proof. Apply Proposition 14.91 with a = 1 + e and (3 = \/l + e. If the resulting Q space is a 
star metric then pass to a SQ space by deleting the root of the star, so that the remaining 
space is equilateral. 

D 

Before passing to the QS problem, we show that for distortion 2 we can obtain propor- 
tionally large Q spaces of arbitrary metric spaces. 

Lemma 4.12. For every integer n and every 1 <p < oo, Qp(2,n) > ^ + 1. 

Proof. Let M be an n-point metric space and let T be as in Lemma 14.41 Write \T\ = k 
and consider the Q space M/A, where A = M \T. We relabel the elements of M/A by 
writing T = {1, . . . , k}, A = k + 1, where r^/(l) > r^f (2) . . . > r^ik). For every 1 < i < k, 
d-M/Aih ^ + 1) = rM{i), and for every 1 < i < j < k: 

dM/A{hJ) =Ta.m.{dM{i,j),rM{i)+rM{j)} G [rAf (i), 2rM(0]- 

This shows that M/A is 2 equivalent to the 1-lacunary space induced on {1, . . . , A; -|- 1} by the 
sequence {rM{i)}\=i- 

U 

As we have seen in the proof Corollarv l4.111 the reason why the SQ problem is " easier" than 
the Q problem is that we are allowed to discard the " root" of Q spaces which are approximately 
stars. This "easy solution" is not allowed when dealing with the QS problem. The solution of 
the QS problem for distortions less than 2 is therefore more complicated, and the remainder 
of this section is devoted to it. 

Our approach to the QS problem builds heavily on the techniques and results of j5j. Among 
other things, as in [H], we will approach the problem by tackling a more general weighted version 
of the QS problem, which we now introduce. 
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Definition 4.13. A weighted metric space (MjcIm^w) is a metric space {M,dM) with non- 
negative weights w : M ^ [0, oo). Given ^ C M we denote Woo{A) = sup^.^^ w{x). 

Given two classes of metric spaces M.,A, and a > 1 we denote by a_A{Ai,a) the largest 
(7 < 1 such that any weighted metric space {M,dM,w) E Ai has a QS space U which is 
a-embeddable in a member of A and satisfies: 



Y.^oo{Ar^(] 



5Z ^(^) 



When A is the class of all A;-HSTs we use the notation ak = o'a- The case w = 1 shows that 
lower bounds for ak{M, a) also imply lower bounds for the QS problem. 

Having introduced the weighted QS problem, it is natural that we require a weighted 
version of Lemma 14.11 

Lemma 4.14. Fix n,k ^ N, n > 2, a function x '■ ( 2 ) ~^ i^] ^'^^ '^ weight function w : [n] ^ 
[0, cxd). There are disjoint subsets Ai, . . . ,As C {1, . . . , n} and i G {1, . . . ,k} such that for 
every 1 < i < j < s, 

mm{x{p,q); p e Ai, qe Aj} = £, (6) 

and: 

s / n \ l/lSklogik+l)] 

J2^oo{A.)'/^"''°^^'^''>^ > (Y:^w{r)] 

i=l \r=l / 

Proof. We use the following fact proved in j2j: Let x = {xj}^^ be a sequence of non-increasing 

non-negative real numbers. Then there exists a sequence y = {yi}^i such that yi < Xi for all 

1/2 / \ 1/2 

i > I, J2i>i Hi ^ ( J2i>i ^i ) ) s-iid either yi = for alH > 2 or there exits w > such that 

for all i > I, Vi £ {w,0}. Applying this fact to the weight function w : [n] ^^ [0, 00) we get 

in the first case i,j G [n] such that \/w{i) + ywij) > {Ylr=i w{r)) ' , and we take Ai = {i}, 

A2 = {j}, i = xihj)- In the second case we find w > and A C [n], \A\ > 3, such that for 

i ^ A w{i) > w and l^dly^ > (X]p=iU'(r)) ' . In this case we may apply Lemma f4. II to A 

and get an integer £ G [k] and disjoint subsets Ai, . . . ,As C A satisfying © and such that 

s > oj^' 1 ^ 1 . We can obviously also always ensure that s > 2. Hence, using the elementary 
inequality max|g^,2| > a;i/[4fciog(fc+i)]^ ^alid for aU x > 3 and A; > 1, we get that: 



s / " \ l/[8fclog(fc+l)] 

i=l \r=l J 

n 

It is useful to introduce the following notation: 

Definition 4.15. For $ > 1 denote by A^($) the class of all metric spaces with aspect ratio 
at most <I>. The class A^(l) consists of all equilateral metric spaces, and is denoted by EQ. 

We have as a corollary the following weighted version of Lemma l4.2t 
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Corollary 4.16. For every <l> > 2 and 1 < a < 2, 

log a 



16(log$)log'2i°'^* 



log a 

We recall below the notion of metric composition, which was used extensively in |5j. 

Definition 4.17 (Metric Composition [5J). Let M be a finite metric space. Suppose that 
there is a collection of disjoint finite metric spaces Nx associated with the elements x of M. 
Let M = {Nx}xeM- For /? > 1/2, the /9-composition of M and J\f, denoted by C = M^[AA], is a 
metric space on the disjoint union U^iVx- Distances in C are defined as follows. Let x,y G M 
and u G N^, v G Ny, then: 

, . ^ idNAu,v) x = y 
dc{u,v) = < 

[p-/dM{x,y) xy^y. 

where 7 = ™'^^^e^^ '■^™'v ^^ _ n jg easily checked that the choice of the factor /?7 guarantees 
that dc is indeed a metric. 

Definition 4.18 (Composition Closure [^). Given a class Ai of finite metric spaces, we 
consider compo(A^), its closure under > /3-compositions. Namely, this is the smallest class 
C of metric spaces that contains all spaces in Ai, and satisfies the following condition: Let 
M £ M, and associate with every x G M a metric space A^^: that is isometric to a space in C. 
Also, let /?' > p. Then Mf3>[Af] is also in C. 

Lemma 4.19. Let M be a class of metric spaces, k > 1, a > 1 and (3 > ak. Then: 

cjfc(comp^(7W),(l + l//3)a) >akiM,a), 

Proof. Set a = ak{M, a) and take X £ compo(A^). We will prove that for any w : X ^ [0, co) 
there exists a QS space Y of X and a A;-HST H such that Y is a-equivalent to H via a non- 
contractive (1 + l//3)a-Lipschitz embedding, and: 



x&Y \x&X / 



The proof is by structural induction on the metric composition. If X G 7W then this holds 
by the definition of a. Otherwise, let M G A^ and M = {Nz}zeM ^ compi3(7W) be such that 
X = Mf3[Af]. 

For every z £ M define w'{z) = Y2u(^N w{u). By the definition of a there are disjoint 
subsets ?7i, . . . , ?7s C M such that the QS space of M, U = {Ui, . . . , Us}, is a-equivalent to a 
/c-HST Hm, defined by the tree Tm, via a non-contractive a-Lipschitz embedding, and: 



s 

E 



[w'^m'^ylY.w'iz) 




By induction for each z £ M there are disjoint subsets Uf,..., U^,^ C Nz such that the 
QS space of N^, Uz = {U{, ■ ■ ■ , U^r^A is (1 + 1//3) a-equivalent to a A;-HST, Hz, defined by the 
tree Tz, via a non-contractive (1 -|- l//9)a-Lipschitz embedding, and: 

s{z) 



S{z) / Scr 
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For every I < i < s let Zi G M he such that w'{zi) = w'^{Ui). Define V^\ . . . , V^'. C X by: 



KzeUi\{zi} 



and 






Consider the QS space of X: V = {V^/*; « = 1, 



?7f for j = 2,3,...,s(^i)- 
, s j = 1, . . . , s(zj)}. First of all: 



E ^-(^)'' 



max w{x) 



A&v 



> 




s s{zi) 

SEE 



max ■w{x) 



x&U, 



E^'(^^-)'' 



j=i 



7 ^ ""oo 



^:»(f^.)'^ > 



w{x) 



Therefore, all that remains is to show that V is (1 + l//9)a-equivalent to a A;-HST via a non- 
contractive, (1 + l//3)a-Lipschitz embedding. For this purpose we first describe the metric on 
V: 



Claim 4.20. For every 1 < i < s and every 1 < p < q < s{zi), 

Furthermore, for every 1 < i < j < s and every 1 < p < s{zi), 1 < q < s{zj): 
PjduiUi, Uj) < dviV^Wq') < (/3 + IhduiUu Uj). 



(7) 



(8) 



Proof. By the definition of metric composition, if z ^ Zi, u £ N^^, v £ N^, then dx{u,v) > 
Pdiam{NzJ > diam(iV(zi)). Since for every 1 < j < s{zi), N^^ n V-^ = C/J% this implies that 
dx{V^\V^^) = dN,}u^%U^^). In particular, it follows that dv{Vp^%Vq'^) < du,^{U^\U^') < 
diam(A''2.). A geodesic connecting Vp' and V^' in V cannot go out of {Vi' , ■ ■ ■ , ^/A.)}) since by 
the above observation it would contain a step of length greater that diam(A^^J. This concludes 
the proof of 0. 

Next take 1 < i,j < s and 1 < p < s{zi), I < q < s{zj) and observe that dxiVp',Vq^) > 
P'jdMiUi, Uj). Indeed, if i = j there is nothing to prove, and if i ^ j then this follows from 
the definition of metric composition and the fact that Vp' C Uz^Ui^z and Vp^ CI Uz^Uj^z- 
This observation implies the left-hand side inequality in (jSJ. 

To prove the right-hand side inequality in 0, take a geodesic Ui = Wq, Wi, . . . , Wm = 
Uj G U such that m is minimal. This implies that Wr ^ Wy—i for all r, and: 

m 
duiUuUj) = Y,dM{Wr-l,Wr), 
r=l 

Let ar G Wr-i, br G Wr be such that dMio-nbr) = dM{Wr-i,Wr). By construction, for each 
r there are Ar ,Br £ V such that Ar C A^^^ and Br ^ Nb^ . Consider the following path in 
V connecting Vp' and Vq^ : T = {Vp%Ai,Bi,A2,B2,...,Am,Bm,Vq^). Observe that since 
Vp',Ai contain points from A^- and Ai,Bi do not contain points from a common A^, the 
definition of metric composition implies that dxiAi, Bi) > pdx{Vp%Ai). In other words, 
dx{V;',Ai) + dx{AuB^) < {l + l/P)dx{A,,B^) = {P + lhdM{Wo,Wi). Similarly, for 

r > 2, dx{Br-uAr) + dx{Ar,Br) < {P +lhdM{Wr-l,Wr) and dx{Am, B^) + dx{Brr,,Vg') < 

(/9 -|- l)jdM{Am, Bm)- Hence, the length of F is at most (/? + l)'ydu{Ui, Uj), as required. 

D 
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We now construct H a fc-HST that is defined by a tree T, as follows. Start with a tree 
T' that is isomorphic to Tm and has labels A(tt) = (/3 + 1)7 • /S.T;^j{u). At each leaf of 
the tree corresponding to a point Ui G U, create a labelled subtree rooted at Ui that is 
isomorphic to T^. with labels as in T^-. Denote the resulting tree by T. Since we have a 
non-contractive (1 + l//?)a-embedding of Y^- in //^., it follows that lS.[zi) = diam(//^.) < 
(1 + l//3)adiam(y2.) < (1 + l//3)adiam(A'^zJ. Let p be a parent of Ui in Tm- Since we 
have a non-contractive a-embedding oi li in i^jv/ it follows that ATr,j{p) > dM{^,B) for 
some A,B £ U. Therefore A(p) > (/? + 1)7 • min{dA/(x,y); a; / y G M}. Consequently, 
A(p)/A(z) > (/? -|- 1)/[(1 + 1/P)a] > A;, by our restriction on /?. Since Hm and /f^^ are 
fc-HSTs, it follows that T also defines a A:-HST. 

It is left to show that V is a-equivalent to H. Recall that for each z £ M there is a non- 
contractive Lipschitz bijection fz '-Uz ^ Hz that satisfies for every A,B £ Uz, du^{A,B) < 



dHAfz{A)Jz{B)) < aduAAB). Define/ : V ^HhyfiVf') = fzXU-'). Then, by ClaimESOl 
for every 1 <p < q < s{zi): 

dv{v^\v^^^) = du^Au;%u^^) 

< (1 + 1/I3)adu^^ {U;\ U^') = (1 + l/(3)adviV;',V^'^). 

Additionally, we have a non-contractive Lipschitz bijection /m '■ U — > Hm that satisfies for 
every Ui,Uj G U, du{U,Uj) < dHMUM{Ui)jM{Uj)) < adu{U,Uj). Hence, by Claim 02111 
for every 1 < i < j < s and every 1 < p < s{zi), 1 < q < s{zj): 

dv{V^\V^^) < {P + lhdu{Ui,Uj) 

< {P + lhdH,AfMm,fM{Uj))=dH{f{Vpj{Vg'^)) 

< aip + IhduiU, Uj) < (1 + l/l3)adv{V;\Vg'^). 
The proof of Lemma 14.191 is complete. 

n 

We will also require the following two results from from |5]: 

Lemma 4.21 ([5]). For any a,(3 > 1, if a metric space M is a-equivalent to a a(3-HST, then 
M is (1 + 2/ (3) -equivalent to a metric space in compJM[a)). 

Theorem 4.22 ([5j). There exists a universal constant c > such that for every < e < 1 
and k > 1 every n-point metric space M contains a subset N C M which (2 + e)-embeds into 
a k-HST and: 

|7V| > ni°g(2fc/E). 

We are now in position to present the announced lower bound for the QS problem for small 
distortion: 

Proposition 4.23. There exists a universal constant C > such that whenever M is an 
n-point metric space and < e < 1/2, there is a QS space of M , lA, which is {!-{-£)- equivalent 
to a 1/e-HST and: 

\U\ > nii^S(i^. 
In particular, for every 1 <p< cxd.- 

Q5p(l + e,n)> ni'^sdA)!" . 
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Proof. Fix k > 8 which wih be specified later. By Theorem l4.221 M contains a subset N which 
is 4-equivalent to a A;-HST and \N\ > n'=/'°s(2fc). By Lemma lOTl N is (1 + 8//c)-equivalent to 
a metric space in comp^/4(A4(4)). By Corollary 14. 161 



0"EQ 



(m{4:),1 + ^]> "^ 



\ ' " kj k log k 
for some absolute constant c' . By Lemma 14.191 

> .,«(>, (4), l + i)>^. 

Since A^ is (1 + 8/A;)-equivalent to a metric space in comp^/4(A^(4)), it follows that it has a 
QS space U which is (1 + 8/k){l + 4/A;)(l + 1/k) < 1 + 20/ k equivalent to a fc/S-HST, and: 

where c" is an absolute constant. Taking k = 20/e concludes the proof. D 



5 The QS Problem for the Hypercube 

For every integer d > 1 denote Q^ = {0, 1}'*, equipped with the Hamming (^i) metric. Our 
goal in this section is to prove Theorem I I.IH stated in the introduction. As proved by P. Enflo 
in ^S], for 1 < p < 2, Cp{^d) = d^~^'^- For 2 < p < cxd it was shown in j^ that there is a 
constant a{p) > such that for all d, Cp{Qd) ^ a{p)\/d. The following lemma complements 
these lower bounds: 

Lemma 5.1. For every 1 < p < oo there is an absolute constant c = c{p) > such that for 
every integer d > 1 and every 2~'^ <£ < 1/4, ifU is a QS space ofQ.d such that \U\ > (1 — e)2'^ 
then 

log(l/6) 



Cp{U) > c 



1 + log 



log(l/e) 



Proof. By adjusting the value of c, we may assume that that e '^''^^ < e < d ^^ . In this case, 
if we set: 



1 

16 



log(l/e) 



log 



d 
log(l/e) 



then 3 < r < ^. The ball of radius 2r in ^d contains at most 'ir[!^^) < 3r (f^)^'' < e''^ '°s('^/'') 
points. Therefore, the cube il^ contains at least 2*^ • e"^*" '°s('^/^') disjoint balls of radius r. 
Writing x = (i/log(l/e) we have 16xlogx < x^, so that 4r log((i/r) < j log(l/e) • i^„°^ < 
log[l/(2e)]. This reasoning shows that Qd contains at least 2e2'^ disjoint balls of radius r. 

Let U = {C/i, . . . , C/fc} be a QS space of il^ with k > {1 — e)2'^. As in the proof of 
Lemma 12.11 lA must contain more than (1 — 2e)2 singletons. Since Q.d contains at least 
2e2'^ disjoint balls of radius r, it follows that lA must contain the elements of some ball B 
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of radius r as singletons. Let x be the center of B. Write m = [|J and consider the sub- 
cube C = {0, 1}"^ X {xm+i} X • • • X {xd}- Observe that C C B, and the diameter of C is at 
most 2r/3. Moreover, since U contains the elements of B as singletons, the distance in 0^ 
between an element of C and a non-singleton element of U is at least 2r/3. This shows that 
when calculating the geodesic distance in U between two points in C, it is enough to restrict 
ourselves to paths which pass only through singletons. It follows that the metric induced 
hy U on C coincides with the Hamming metric. By the results of ^n| and j221) it follows 
that Cp{U) > Cp{C) > a(p)A;™™'^^~^'P'^'^J , for some constant a{p) depending only on p. This 
completes the proof. 

D 

We now turn our attention to the construction of large QS spaces of the hypercube which 
well embed into ip. Our proof yields several embedding results which may be useful in other 
circumstances. The case p = 2 is simpler, so deal with it first. 

Given a metric space M and D > 0, we denote by M- the metric space {M,dpj<D), 
where dM<D{x,y) = minj^Af (x,y), Z)}. 



Lemma 5.2. For every D > 0, C2(% ) < 
sphere of radius D . 



In fact, H.2 



--embeds into the 



'2- 



Proof. Let {fi'il^x i-i-d. standard Gaussian random variables. Assume that they are defined 
on some probability space O. Consider the Hilbert space H = L2{^) where we think of ^2(^2) 
as all the complex valued square integrable functions on J7. Define F : £2 ^ H by: 



F(xi,X2,...) =i:'exp j j^J2^i3j 



Clearly ||F(x)||2 = D for every x € £2- Observe that for every x,y £ £2, 
\Fix)-Fiy)\^ = 



D' 



D' 



D' 



2D^ 



^^P I t: X] ^iSj I - exp 





^""P I -Fi^(^j-yj)9j 



2 



''''p 7^ IZ(^j ~ y^^9j - 1 



i=i 



1 — cos 



■^^i^j-yj)9j J 



Now, Yl'iLii^j — yj)gj has the same distribution as gi\/Yl'jLi{xj ~ VjY- Hence: 



E|F(x)-F(2/)|2 = 2i?2 



1 TIT / 51 II II 

1 — tcos -— X — V 2 
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Observe that by symmetry, E sin 



51 



'fill 



ylb) = 0, so that: 



Ecos I —\\x -y\\2 



w I -51 II II 

Eexp [ij^Wx -y\\2 



exp 



\x-y\\2 



where we use the fact that Ee*"^i = e " /^. 
Putting it all together, we have shown that: 



\\F{x) - F{y)\\2 = V2D\I 1 - e'^^ 
Using the elementary inequality: 



e-1 



min{l, a} < 1 — e ° < min{l, a} a > 0, 



we deduce that: 



e-1 



min{D, \\x — y\\2} < ||i^(2;) — F{y)\\2 < minjl), Hx — y||2}- 



D 



It should be remarked here that in the proof of Lemma 15.21 we have only used the fact that 
the metric v 1 — e^"^~y"2^ defined on £2, embeds isometrically in Hilbert space. This follows 
from a classical result of Schoenberg |2S1, but we have chosen to present the above direct proof 
since, apart from giving a concrete embedding, this argument generalizes to ^p, 1 < p < 2 
(Lemma 15.91 below) . 

Remark 5.3. Lemma 15.21 cannot be replaced by an isometric result. In fact, for every D > 0, 



<D 2\/5-^/7 
C2(% ) > ^ > 1-02. 

To see this let T : M^ ^ £2 be such that for every x,y € M?, min{||x — y\\2,D} < \\T{x) — 
T{y)\\2 < Amin{||x — y||2) D}. It is straightforward to verify that when viewed as a subset of 
£2 , the points {(0, 0), {D, 0), (-D/2, D), {D/2, 0)} cannot be isometrically embedded in Hilbert 
space. To lower-bound the distortion, define a = T(0, 0), b = T{D,0), c = T(D/2,D), 
d = T{D /2, 0). By the parallelogram identity: 
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D'A 



> ||a-(i||^ + ||6-d|| 



|a + 6-2(i||| + ||a-6||^ 



> 2 



a + b 



+ 



D^ 



Hence: 



Similarly: 



a + b 



< 



dVa^ 



2D'^A^ > \\a - c\\l + \\b - c\\l 



|a + 5-2c||^ + ||a-6||| 



> 2 



a + b 



+ 



D' 



2 ' 



or 



a + b 



< 



D\fl^ 
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But: 



D< \\c-d\\2 < 



a + b 



a + b 



< 



D,/A^ 



1 dVIa^ 



which simphfies to give the required result. 

Remark 5.4. Let to : [0, oo) -^ [0, oo) be a concave non-decreasing function such that uj{0) = 
and uj{t) > for t > 0. It is straightforward to verify that if we define for x,y £ £2, di^i^o, y) = 
ui{\\x — y||2), then d^ is a metric. Lemma 15.21 deah with the case u){t) = min{i,Z)}, but we 
claim that in fact there is a constant C > such that for every such w, 02(^2, c^w) < C. To see 
this observe that (j){t) = u {^ft) is still concave and non-decreasing (assume by approximation 
that a; is differentiable and observe that ^'(i^) = uj'{t)(jj{t)/t. By our assumptions, both 
Lij'(t) and u){t)/t are non- negative and non- increasing, so that the required result follows). 
Now, it is well known (see for example Proposition 3.2.6. in J3]) that we may therefore write 
0(t) Ri Yl'^i ™iii{-^j) /"«*} foi' some \i,^i > 0, where the symbol « means that the two functions 
are equivalent up to absolute multiplicative constants. By Lemma 15.21 for every i there is a 
function Fi : £2 ^ £-2 such that for every x,y £ £2 WFii^) — -^i(y)||2 ~ minj-v/A^, y^H^; — y||2}- 
Define F : £2 ^ ^2 (-^2) by setting the i'th coordinate of F to be Fj. Then for every x,y G £2'- 



\\F{x)-F{y)g = f2\mx)-F, 



1=1 



00 

E 



min{Ai,/Xi||x-y||2} 



x-yWl) =^{\\x-y\\2f. 



Lemma 5.5. Let X be a metric space such that inmxjLydx{x,y) > 1 and the metric space 
{X, yjdx) is isometric to a subset of £2- Then for every D >1, C2(^- ) < a/^ti- Moreover, 

exists a 1-Lipschitz embedding f : X- -^ £2 such that dist(/) < \ jzi and for every x £ X, 
\\f{x)\\2 = VD. 

Proof. All we have to do is to observe that for every x, y G X, 

miu{^fD,^/dx{x,y)} <mm.{D,dx{x,y)} < Vd ■ m:m.{y/D , ^/d^ix~y)} , 

and then apply Lemma 15.21 

D 

Corollary 5.6. For every integer d > 1, C2($^^ ) < v ^rj; where the embedding is 1-Lipschitz 
and takes values in the £2-sphere of radius \/D. 



Proof. This follows from Lemma [5.5l and the classical fact [25 that ii equipped with the metric 
\/\\x — y\\i is isometric to a subset of £2 ■ 

a 

Lemma 5.7. There is a universal constant C > such that for every integer d> 1 and every 
2~'^ < e < 1/4 there exists a QS space of U,d, U, such that \U\ > (1 — e)2°' and: 



C2{U) < C 



log(l/e) 



\ 1 + log 



log(l/E) 
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Proof. By adjusting the constant C, we may assume that e > e '^/^o^. Define r to be the 
smallest even integer greater than: 

log(l/e) 



log 



log(l/E) 



We first construct a subset A C fi^ via the following iterative procedure: Pick any xi £ 
^d- Having chosen xi, . . . ,Xk-i, as long as $7^ \ LI-2lBQj{xj,2r) ^ 0, pick any j;j e fi^ \ 
U ■~;^i?n^(xj, 2r). When this procedure terminates we set A = {xi, X2, • • •}• 
Define 5 C Q^ by: 

5 = Q,\( Ui?n,(x,r/2)\{x}). 

KxaA J 

The QS space of il^ which we consider \sU = S/A. 

We first bound the cardinality of lA from below. Observe that by the construction, the 
balls {BQ^^{x,r)}x^A are disjoint, so that |^|(j,) < 2^^. Hence: 



By our choice of r, and the restriction e > e"'^'^'^'', it is straightforward to verify that 
re"i'°s(2f?:) < e. We have shown that \U\ > (1 - s)2'^. 

By our construction, for every x £ S\A, r/2 < dQ^{x,A) < 2r. This implies that for every 
x,yeU\{A}, 

min{dnd(a;,y),r} < du{x,y) < inm{dn^{x , y) , 4r} . 

By Corollarv 15.61 there is an embedding f : U \ {A} -^ I2 such that for every x £ U \ {A}, 
||/(x)||2 = \/r and for every x,y £U \ {A}: 



^ • duix,y) < \\f{x) - fiy)\\2 < du{x,y). 
Iter 

Since for every x £h(\ {A}, r/2 < du{x, A) < 2r, we may extend / to W by setting f{A) = 0. 
As / takes values in the ^2-sphere of radius ^/r, dist(/) = 0{^/r), as required. D 

Since £2 embeds isometrically into Lp, p > 1, Lemma [5.71 implies that Lemma [5. H is optimal 
(up to the dependence of the constant on p) for p > 2. The case 1 < p < 2 seems to be more 
delicate, but we can still match the bound in Lemma l5. II up to logarithmic factors. 

Recall that for 1 < p < 2 there exists a symmetric p-stable random variable g. This means 
that there exists a constant c = c{p) > such that for every t G M, Ee**^ = e~'^'^' . In what 
follows we fix 1 < p < 2 and ignore the dependence of all the constants on p. Moreover, given 
two quantities A,B the notation A ^p B means that there are constants Ci,C2, which may 
depend only on p, such that CiA < B < C2A. Denote the density of g by <p. It is well known 
(see ^) that ip{t) ^p ^^Ip+i ■ 

Lemma 5.8. Fix 1 < p < 2 and let g be a symmetric p-stahle random variable. Then for 
every a > Q, 



E [1 - cos{ag)Y''^ «p min jaP log ( i + 1 J , 1 1 
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Proof. Since for < x < 1, 1 — cosx ~ x^, we have that: 
E [1 - cos(ag)]P/^ 



2 / [1 — cos(au)]^' ip{u)du 
'0 



l/a 



PiiP 



a^u 



1 



1 + nP+i Ji/a 1 + nP+i 



The following lemma is analogous to Lemma 15.21 



du 



.p min <j a^ log ( - + 1 ) , 1 



D 



Lemma 5.9. For every 1 < p < 2 and every D > there exists a mapping F : ip ^ Lp such 
that for every x G Ip, ||F(x)||p = D and for every x,y £ ip, 



\F{x) 



p ~p 



mm 



\x-y\\p 



log 



D 



\x -y\\ 



+ 1 



i/p 



.D 



Proof. Let {gi}^i i.i.d. symmetric p-stable random variables. Assume that they are defined 
on some probability space fi. Consider the space Lp{Q), where we think of Lp(Q) as all the 
complex valued j'-integrable functions on Q. Define F : £p ^ H by: 

(oo 
i=l 

Clearly ||F(x)||p = D for every x S Ip. As we have seen in the proof of Lemma 15.21 for 
x,y e £p: 



\F{x)-F{y)\P = 2PDP 



1 — cos 



75 Z](^i ~ yj^9j J 



p/2 



Now, Yl'^ii^j ~ yj)9j ^^^ th^ same distribution as gi\\x — y\\p. Hence by LemmaEHl 



E\F{x) - F{y)\^ 



2PDPE 
D^min 



T / 5^1 II II 

1 -COS [j^\\x -y\\p 



p/2 



\x-y\\p 
DP 



log 



D 



\x-y\ 



+ 1,1 



D 



Remark 5.10. The above argument also shows that for every 1 < q < p < 2 there is a 
constant C = C{p, q) such that for every D > 0, £^^ is C-equivalent to a subset of Lg (since in 
this case there is no logarithmic term in Lemma [5.8() . For every 1 < q < p < 2, the metric space 
(Lg, ||x — y||g ) is isometric to a subset of Lp. When p < 2 this follows from general results 
of Bretagnolle, Dacunha-Castelle and Krivine ^5] (see also the book [2H)- It is of interest, 
however, to give a concrete formula for this embedding, which works for every 1 < q < p < oo. 
To this end observe that by a change of variable it follows that for every < a < 2/3 there 
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exists a constant Ca^p > such that for every x G M, |x|" = Ca^p J"^^ |ti°+i ^^- Define 
T : L,(M) ^ Lp(M x M) by T{f){s,t) = J0^. For every /,g e Lp(M) we have: 

||r(/)-r(5)||? = / / J ^^^^ Utds 



oo ^ — oo 

oo /•oo 



— oo ^ — oo 



{l-COs[t( /(.)-g(g))]r/^ 



2./2/ / i.-.u.,v.v-_;-.v^;;i;^ ^td. = 2^/%^,,/,||/ -, 



so that T is the required isometry. 

A corollary of these observations is that for every e > there is a constant C(e) > such 
that for every Z) > the metric min{||x — y||p~^,Z)} on ^p, 1 < p < 2, is C(e)-equivalent to a 
subset of Lp. We do not know whether the exponent 1 — e can be removed in this statement. 

Remark 5.11. The same reasoning as in Remark l5.4l shows that for every u: : [0, oo) — > [0, oo) 
which is concave, non-decreasing, a'(O) = and io{t) > for t > 0, the metric a;(||x — y\\p) 
on ip is c{p, g)-equivalent to a subset of Lg for every 1 < q < p < 2. The only difference in 
the proof is that one should apply the same argument to show that (j){t) = uj{t^''^Y shares the 
same properties as u. Similarly, the metric oj{\\x — y\\])~'^) is C(e)-equivalent to a subset of Lp. 

Remark 5.12. Remark 15.101 is false for p > 2. In fact, for every < 7 < 1, and D > 0, the 
metric min{||x — y||p, D} is not Lipschitz equivalent to a subset of Lq for any 1 < g < 00. To 
see this observe that if we assume the contrary then this metric would be Lipschitz equivalent 
to a bounded subset of Lq. An application of Mazur's map (see |H]) shows that this implies 
that Lp is uniformly homeomorphic to a subset of L2. Since Lp, p > 2 has type 2, a theorem of 
Aharoni, Maurey and Mityagin ^ implies that Lp would be linearly isomorphic to a subspace 
of Li. This is a contradiction since Li has cotype 2 while Lp, p > 2 has cotype p. Actually, by 
the results presented in Chapter 9 of [H], this argument implies that the above metric is not 
Lipschitz equivalent to a subset of any separable Banach lattice with finite cotype. 



Corollary 5.13. Fix 1 < p < 2. Let X be a finite subset of Li such that for every x,y £ X, 
\\^ ~ y\\i ^ 1- Then for every D > 2 there is an embedding il^ : X ^ Lp such that for every 
X £ X , ||^(x)||p = D^'P and for every x,y £ X , 

-^^mm{\\x-y\\l,D}<U{x)-^Piy)\\p<C2{p){logD)'/Pmm{\\x-y\\uD}, 

where Ci{p),C2{p) are constants which depend only on p. 

Proof. We begin by noting that as in Remark I5.in[ there is a mapping G : Li ^ Lp such 
that for every x,y G Li, ||G(x) — G{y)\\p = \\x — y\\i . Since X is finite, there is an isometric 
embedding T : G{X) -^ £p (see |14)). Let F be as in Lemma 15.91 with D replaced by D^'^, 
and define tj; = F oT o G. Now, ||'i/'(a;)||p = D^'p for every a; G X and: 



{x)-ip{y)\\p «p min<||x-y||i 



i/p 



log + 1 

x-y\\i 




< C {p){log D)^/P mm{\\x - y\\yP , D^/P} 

< Cip){logD)'/Pmm{\\x-y\\i,D}, 
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where we have used the fact that ||j; — y||i > 1. Similarly, we have the inequality: 

C'(v) 

\mx)-i^{y)\\p>^^mm{\\x-y\\,,D}. 

The proof is complete. D 

A proof identical to the proof of Lemma 15.71 now gives a bound which nearly matches the 
bound in Lemma l5. II 

Lemma 5.14. For every 1 < p < 2 there is a constant C{p) > such that for every integer 
d > I and every 2^'^ < e < 1/4 there exists a QS space of Q^j ^; such that \L{\ > (1 — e)2'^ 
and: 



Cp{U) < C{p) 



log(l/e) 



l + l°g(i^ 



i-i/p 



log 



i+i°g(Bi(W. 



1/p 



6 Lipschitz Quotients 

In this section we prove Theorem II. 131 We shall use the notation introduced in the introduc- 
tion. 

Recall that for a metric space X and two subsets U,V G X, the Hausdorff distance between 
U and V is defined as: 

nx{U,V) = sup{inax{dx{u,V),dxiv,U)}; u £ U, v£V}. 

The following straightforward lemma is the way we will use the Lipschitz and co-Lipschitz 
conditions: 

Lemma 6.1. Let X , Y be metric spaces and A > 0. For every surjection f : X ^ Y the 
following assertions hold: 

1- Lip(/) < A if and only if for every y,z E Y, dyiy^z) < Adx{f'^{y), f~^{z)). 

2. coLip(/) < A if and only if for every y,z eY, Hxif'^iv), f'^{z)) < Adyiy^z). 

Remark 6.2. A simple corollary of Lemma ld.ll which will be useful later, is that \i f : X ^fY 
is a Lipschitz quotient and we set U = f^^{{y G Y; \f^^{y)\ = 1}) then f\u is a Lipschitz 
equivalence between U and f{U) and dist(/|{/) < Lip(/) • coLip(/). 

In the following lemma we prove two recursive inequalities which will be used to give upper 
bounds for QS 'P. In this lemma we use the notation R_m{-,-) which was introduced in the 
introduction. 

Lemma 6.3. Let M he a class of metric spaces. Then for every two integers k,m > 1 and 
every a > 1, 

1. QS'i^ia.km) < Q5i^P(a,A;) • QS^^^ia^m). 

2. QSj^{a,km) < k + RM{a,k) ■ QSj^{a,m). 
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Proof. We will start by proving the first assertion. Denote a = QSj^{a, k), b = QSj^{a, m). 
Let X be a A:-point metric space such that the largest a-Lipschitz quotient of a subspace of 
X which is in a member of M has a points. Similarly, let Y be an m-point metric space such 
that the largest a-Lipschitz quotient of a subspace of Y which is in a member of M has h 
points. We think of X as a metric dx on [A;] = {1, . . . , A;}. Fix any: 

^,-,^, adiam(y) , ^^ z, diam(y) 

H > a$(y) = — ,\ ^ and > afi" ^ ^ 



miuy^^ dyiy, z) mini<j<j<fc dx{i,j) ' 

Set Z = Y X [k] and define: 



dz{{y,i),{z,i)) 



n'dY{y,z) i = j 
9dxii,j) i^j- 



This definition is clearly a particular case of metric composition, and the choice of param- 
eters ensures that dz is indeed a metric. 

Assume that there is S Q Z, M £ M and N (1 M such that there is an a-Lipschitz 
quotient f : S ^ N. Our goal is to show that |A^| < ab. 

Observe that by the definition of the metric on Z we have that for every i E [k] and p,q € A^, 
p / 5, if f-^p) n (y X {i}),f-Hq) n (y X {i}) + then dz[r^[v).r^m < /iMiam(y) < 
fi diam(y). On the other hand, if in addition for some j G [k], j ^ i, f^^{p) Pi (y x {j}) ^ ^ 
but /-1(g) n (y X {j}) = then 'Hz{r\p)J~\q)) > 6 mm^^i^j <kdx{i,j) > a^,^d[am{Y). 
This is a contradiction since Lemma l6 . 1 1 implies in particular that 

dzif~'ip)J-Hq)) - ^ ^ 

Hence f~^{q) n (y x {j}) ^ 0. Without loss of generality assume that j > i. Then: 
'Hz{r^{p),r^{q)) > fi^m.mdY{y,z) > n^-^adi&m{Y) > /i^adiam(y), 

and we arrive once more to a contradiction with @. 

Summarizing, we have shown that for every i £ [k] andp S A^, ii f~^ {p)ri(Y x {i}) ^ then 
either f~^{p) C y x {i} or f~^{p) 2 /-"^(A")n(y x {i}). In particular, if we write forp, g € A", 
p ~ g if there is i £ [k] such that f~^{p) n{Y x {i}) / and /"^(q) n{Y x {i}) / 0. Then ~ is 
an equivalence relation. Let Ci, . . . , C^ be the equivalence classes of ~. Take any pj G Cj and 
let Aj C [A:] be the set of indices i G [k] such that there exists y G y for which [y, i) G f~^iPj)- 
By the definition of ~, Ai , . . . , ^^ are disjoint. Let A = U^-^Aj and define g : A ^> {pi , . . . , Ps} 
by: if i G Aj then g{i) = pj. By the definition of dz, if J ^ i and h £ Aj, i £ Ai then for every 
y,z£Y, dx{h,i) = dz{{y,h),{z,i))/e. Hence dA{g-\pj),g~\pd) = dz{r\Pj), r\pi))/0, 
T~(-A{g'^{Pj),g^^{Pi)) = T~(-zif^^iPj),f~^{Pi))/0- By LemmaEH g is an a-Lipschitz quotient 
from the subspace A C [k] onto {pi, . . . ,Ps}- It follows that s < a. 

We will conclude once we show that for every j, \Cj\ < b. If |Cj| = 1 then there is nothing 
to prove. Otherwise there is i G [A;] such that for every p £ Cj, f~^{p) C Y x {i}. Lemma l6. II 
implies that /|/-i(c ) is an a-Lipschitz quotient of a subspace of y x {i}, and since the metric 
on y X {i} is a dilation of dy, it follows from the definition of b that \Cj\ < b. 

To prove the second assertion in Lemma 16.31 we repeat the same construction, but now 
with y as before, and X a A;-point metric space whose largest subspace which a-embeds into 
a member of Ai has c = Rjiiic^, k) points. The rest of the notation will be as above. 
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Consider the equivalence classes Ci, . . . ,Cs ^ N, and enumerate them in such a way that 
\Ci\ = ... = \Ct\ = 1 and IC^+il, . . . , |Cs| > 2. As we have seen above, for 1 < j < t, since 
Cj = {pj}, there is a subset Ij C [k] such that f~^{pj) = f^^{N) n {Y x Ij). Since Ii,. . . ,It 
are disjoint, t < k. Now, by the construction, for t < j < s, \g~^{pj)\ = 1, so that by 
Remark l6. 21 we get that {g~^{pt+i), ■ ■ ■ ,g~^{ps)} ^ [k] a-embeds into A^. By the definition 
of c, it follows that s — t < c. Finally, we have also shown that for every j \Cj\ < b, so that 
\N\ < t + {s — t)b < k -\- cb, as required. D 

Corollary 6.4. Let M be a class of finite metric spaces and a > 1. AssuTne that there is a 
finite metric space M such that CMiM) > a. Then there is < 6 < 1 such that for infinitely 
many n's, QSj^^{a,n) < n . 

Proof. Our assumption implies that there is < (^ < 1 such that QSj^{a, \M\) < \M\ — 1 < 
\M\^. An iteration of T.emmalOlnow implies that for every i > 1, QS];^{a, \M\') < \M\^\ D 

Remark 6.5. For every 1 < p < oo and q > 2 there is an integer no = no(p, a) and constants 
c = c{p, a), C = C{p, a) such that < c < C < 1 and for every n > no, n'^ < QSp^^{a, n) < 
n^ . This follows from Corollarv 16 . 41 and the trivial inequality QSp'^{a, n) > Rp{a, n), together 
with the results of ^. 

Corollary 6.6. For every 1 < a < 2 and 1 < p < 2 there is an integer no = no(p, a) and a 
constant C = C{p, a) such that for every n > uq: 

QSl'P{a,n) < e^\/(i°g«)(i°gi°g"). 

For p > 2 the same conclusion holds for every 1 < a < 2"^'^. 

Proof. As shown in .& for every 1 < p < cxd and 1 < a < 2™™>^^'^'Pj there is a constant 
c = c{p,a) such that for every k, Rp{a, k) < clog A;. It follows from Lemma 16.31 that for every 

ten, 

QcS^iP(a,A;0 < k + {clogk)QS^'Pia,k^~^). 

Since QSp^^{a, k) < k, by induction we deduce that: 

e-i 
QS^'P{a,k^) < ^A;(clogA;y < A;(clogA;)^ 
i=o 



Choosing k of the order of eV ^ os")( °s og") ^^d i of the order of a/ io°|o"„ gives the required 
result. D 

We now prove a nearly matching lower bound for QSp{a,n). In order to do so we first 
observe that Lemma 14.21 holds also in the context of Lipschitz quotients. 

Lemma 6.7. Let M be an n-point metric space and 1 < a < 2. Then there is a subspace of 
M which has an a Lipschitz quotient in an equilateral metric space and: 



M> 



^(loga)/[21og$(M)] 



81ogn 
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Proof. The proof is exactly the same as the proof of Lemma 14.21 Using the notation of this 
proof, the only difference is that we observe that Lemma 14.11 actually ensures that for every 
^ / j\ duiUi, Uj),TCM{Ui, Uj) G [a^~^,a^), so that the quotient obtained is actually a Lipschitz 
quotient due to Lemma IHTTl 

D 

We also require the following fact, which is essentially proved in ^ (see Proposition 16 
there). Since the result of [1! was stated for parameters other than what we need below, we 
will sketch the proof for the sake of completeness. 

Lemma 6.8. Fix < e < 1 and let M be an n-point metric space. Then there is a subset 
N <Z M which is either (1 + e)- equivalent to an ultrametric, or 'i- equivalent to an equilateral 
space, and: 

\N\ > exp " 



log(2/e) 



Proof. Set k = 2(l/e + 1). By Theorem 14.221 there is a universal constant c > such that 
M contains a subset M' C M which is 3-equivalent to a (3fe)-HST, X, via a non-contractive 
bijectio n / : M ' -^ X, and \M'\ > n^/i°g(2A). Let T be the tree defining X. Set h = 

exp ( A /c ^ °|? N j . If r has a vertex u with out-degree exceeding h then by choosing one leaf 
from each subtree emerging from u we obtain a /i-point subset of M' which is 3-equivalent to 
an ultrametric. We may therefore assume that all the vertices in T have out-degree at most 
h. In this case by Lemma 14 in jl] T contains a binary subtree S with at least \M'\^'^"^^^ > 

exp ( \/C i°^2%) ) leaves. Now, denote by A(-) the original labels on S (inherited from T). 
We define new labels A'(-) on S as follows. For each vertex u £ S, denote by Ti and T2 the 
subtrees rooted at n's children. We define A'(n) = Taa-K.{dM{x,y); x G /~^(Ti), y G f~^{T2)}. 
As shown in the proof of Case 2 in Proposition 16 of 14 , this relabelling results in a binary 
yfc-HST which is k/{k - 2) = 1 -F e equivalent to iV = f-^{S). D 

Lemma 6.9. For every 1 < a < 2 there is a constant c = c{a) > such that for every integer 

n and every 1 < q < 2, 

Q52"'(a,n)>e^v^i°s^. 

Proof. By Lemma 16.81 for every e > there is a constant c = c(e) such that every n point 
metric space contains a subset of size at least e'^^'"^" which is either (1 -|- e)-equivalent to an 
ultrametric, in which case we are already done, or 3-equivalent to an equilateral space. In 
the latter case the subspace obtained has aspect ration at most 3, so that the required result 
follows from Lemma 16.71 D 
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